
Precipitation by Nonionic Polymer 

A theoretical approach to predict the solubility of proteins in solutions 
containing nonionic polymer is presented. The effective protein-protein 
interaction due to the presence of the polymer is related to the 
volume-exclusion potential of Asakura and Oosawa. Statistical- 
mechanical perturbation theory, as originally applied by Gast et al. to 
model colloidal flocculation, is used to calculate free energies, from 
which solubility curves for varying protein-polymer diameter ratios are 
obtained. The theory correctly predicts all the trends observed in 
experimental studies of these systems. To explain the influence of 
process parameters such as the pH and the ionic strength on protein 
solubility, the intermolecular potential is improved by the addition of an 
electrostatic interaction term. It is found that the theoretical predictions 
of the variation in protein solubility, both with the solution pH and the 
ionic strength, are in accordance with experimental observations. 
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Introduction 
The rapid development of the biotechnology industry in the 

last decade has accelerated the demand for not only more but 
also purer forms of proteins and enzymes. This demand stems 
from a variety of industries including the food, alcoholic 
beverages, paper, pharmaceutical and textile industries and 
from the medical profession (Faith et al., 1971). The list of 
commercial and medical applications for proteins is long and is 
expected to grow as genetic engineering technology advances. 
To maximize the benefits from these advances, it is important to 
strengthen efforts to modify and improve protein separation and 
recovery processes. 

Two key considerations in the selection of a bioseparations 
and recovery process are that it be relatively gentle and easily 
adaptable to large-scale production. The reason for the first 
requirement is that proteins are very sensitive to any changes in 
their environment. The unique structure-function relationship 
of these biomolecules leads to denaturation if their environment 
is changed in a rapid and/or drastic manner. One of many 
separation techniques fulfilling the requirements noted above is 
fractional precipitation using polyethylene glycol (PEG). PEG 
is known not to denature proteins [even though some recent 
evidence appears to question this assertion (Lee and Lee, 

Correspondence concerning this ppcr should be a d d r d  to C. K. Hall. 

1987)l. This technique also appears to be easily conducted on a 
large scale. 

Protein precipitation is accomplished by causing either a 
protein or part of a mixture of proteins in solution to precipitate 
by altering a key property of the solvent. The precipitate can 
then be filtered out or recovered by centrifugation. In spite of the 
fact that protein precipitation is an important industrial and 
laboratory fractionation method, it is rather poorly understood 
at  the fundamental level (Foster et al., 1973). The observed 
effects on the solubility resulting from changes in any of the 
process variables (pH, ionic strength and protein or polymer 
molecular weights) have yet to be explained or predicted 
completely. 

Precipitation of proteins by nonionic polymers is a relatively 
well-established technique. High molecular weight polymers 
such as PEG have been used both in the laboratory and in pilot 
plants to precipitate proteins (Bjurstrom, 1985). One of the 
principal advantages of this technique is that the operation can 
be carried out a t  ambient temperatures since the polymer does 
not significantly interact with the protein. Comparatively low 
concentrations of polymer, on the order of 5-20 wt. %, are 
required to precipitate most proteins. The main hindrance to the 
large-scale use of this process is the difficulty of recycling the 
polymer. The polymer has proven to be hard to recover from the 
precipitated protein fraction (Bjurstrom, 1985; Scopes, 1982). 
However, it has been found that using PEG of a higher average 
molecular weight significantly reduces the contamination of the 
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precipitate with polymer (Knoll and Hermans, 1983). Knoll and 
Hermans presume that the size of the solvent interstices between 
the protein molecules in the precipitate phase is insufficient to 
accommodate larger polymer molecules. Hence, it might be 
appropriate to imagine that polymer molecules of average 
dimension as small as a protein molecule, or smaller, would 
partition measurably between the two phases, while larger 
polymer molecules would be excluded from the precipitate. 

The solubility of single proteins and protein mixtures in 
solutions containing PEG has been studied extensively in recent 
years (Polson et al., 1964; Kula et al., 1965; Chun et al., 1967; 
HBnig and Kula, 1976; Bell et al., 1983). Atha and Ingham 
(1981), Ingham and coworkers (1977, 1978), Kula and cowork- 
ers (1965), Middaugh and coworkers (1978), Hasko (1982), 
and Haire and coworkers (1984) have measured precipitation 
curves, apparent solubilities and thermodynamic properties of 
various proteins in the presence of PEG under a variety of 
experimental techniques. Most studies have generated precipita- 
tion curves that relate protein solubility to PEG concentration. 
Knoll and Hermans (1983) used light scattering measurements 
to calculate thermodynamic interaction parameters for solutions 
containing bovine serum albumin (BSA) and PEG. A significant 
result of these studies is that different research groups using 
varying methods to study the mechanism of precipitation of 
proteins by PEG reached the conclusion that specific chemical 
interactions between protein and polymer were absent. The 
import of this finding is that, in the absence of any specific 
protein-polymer interaction, the primary mechanism for the 
phase separation is one of volume exclusion (also called steric 
hindrance or displacement). 

The experiments conducted on protein-PEG solutions provide 
information on the thermodynamic properties of proteins in the 
absence of PEG as well as the incremental effect that PEG has 
on the thermodynamics of proteins. The apparent linearity of 
the logarithm of the protein solubility data over a wide range of 
PEG concentrations has been used by some authors to extract 
the apparent (intrinsic) solubility of protein in the absence of 
PEG thus allowing the determination of protein activities 
(Haire et al., 1984). We show later in this paper that the 
extraction of the intrinsic solubility in this manner may be 
incorrect as the linearity of the solubility curve does not extend 
to zero polymer concentration. 

Four experimental trends have been observed in these studies: 
1. Larger proteins tend to precipitate a t  lower PEG concentra- 

tions than do smaller ones, as shown in Figure 1. 
2. At a fixed PEG concentration, the solubility of proteins 

increases with decreasing average molecular weight of PEG as 
shown in Figure 2. The slopes of these curves decrease with the 
molecular weight of the polymer, leveling off a t  a weight of about 
10,000-20,000. Figures 1 and 2 are taken from the study of 
PEG-induced precipitation by Atha and Ingham (1981). 

3. In the range within which experimental data has been 
taken, a semilogarithmic plot of solubility (in g/L) vs. concentra- 
tion of PEG in w/v units (usually g/100 mL) is linear as seen in 
Figures 1 and 2. 

4. The solubility decreases as the pH approaches the isoelec- 
tric point or as the ionic strength is increased 

Most of the theories of polymer-induced protein phase separa- 
tion are based on the thermodynamic theories of Ogston and 
coworkers (Ogston and Phelps, 1961; Ogston, 1962; Edmond 
and Ogston, 1968). Central to this approach is the idea that 
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Figure 1. Solubility of various proteins in PEG-4000. 

From D. H. Atha and K. C. Ingham, J .  B i d .  Chem., 256, 12108 
(1 98 1). See reference for details of solution conditions. 

steric hindrance (or volume exclusion) is the primary mecha- 
nism by whch PEG induces phase separation in a protein 
solution. In other words, although the intrinsic solubility of a 
protein depends on pH, ionic strength, and other protein specific 
parameters, the addition of PEG to a protein solution decreases 
protein solubility by sterically excluding protein from regions of 
the solvent it normally occupies. Thus the protein is forced to 
concentrate until its solubility is exceeded and precipitation 
occurs (Knoll and Hermans, 1983; Haire et al., 1984; Laurent, 
1963; Arakawa and Timasheff, 1985). However, earlier theories 
developed applying these arguments give results that agree with 
only a few of the experimental observations. For example, Atha 
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Figure 2. Effect of PEG molecular weight on solubility of 
human serum albumin. 
From D. H. Atha and K. C. Ingham, J .  B i d .  Chem., 256, 12108 
( 1  98 1). See reference for details of solution conditions. 
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and Ingham (1981) have analyzed the mechanism of protein 
precipitation by PEG in terms of excluded volume using the 
arguments described above. Their theory reproduces the correct 
trend for protein molecular weight and for the linearity of the 
solubility curve. However, they find that their predicted varia- 
tion with polymer molecular weight is opposite to that observed 
experimentally, and they overestimate the dependence of the 
slopes of the solubility vs. polymer molecular weight curve. In 
addition, their theory does not address variations of the solubil- 
ity with pH or ionic strength. 

In this paper we apply a fundamental theory originally 
developed by Gast et al. (1983) to explain the precipitation of 
proteins using nonionic polymer. The objective of our work is to 
develop a comprehensive theory of protein solubility in the 
presence of a polymer. We employ this fundamental approach to 
predict the solubility of pure proteins in protein-polymer sys- 
tems. The results for precipitation are presented in the form of 
solubility curves relating the logarithm of the solubility to the 
concentration of polymer added to the system. Also, alternate 
expressions for the solubility (independent of the protein diame- 
ter) are derived by relating its parametric variation with 
thermodynamic quantities such as the partial specific volume of 
the protein and its hydration. 

The theory is developed by treating the precipitation as an 
equilibrium phase separation using standard techniques of 
statistical mechanics. The first step is the calculation of an 
effective protein-protein interaction potential (or potential of 
mean force) using models for protein-protein, protein-polymer 
and polymer-polymer interaction. Perturbation theory is then 
used to calculate chemical potentials and pressure for each 
phase. Next a thermodynamic stability analysis is employed to 
predict phase transformation, and thus a complete phase dia- 
gram is generated. Finally, the influence of the process parame- 
ters, such as polymer molecular weight, protein molecular 
weight, pH and ionic strength, on the phase diagram is studied. 
The predictions are compared with experimental data obtained 
from the literature. We find that the theory correctly predicts all 
four of the trends observed in experimental studies of these systems. 

In the following two sections, we outline the theory and 
describe the statistical-mechanical analysis used to generate the 
phase diagrams, and then compare the results of the theoreti- 
cally calculated solubilities with experimental data. Subse- 
quently, the effect on the solubility of including electrostatic 
interactions between proteins is discussed. 

Molecularly-Based Theory 
In developing a fundamental theory to model the precipitation 

of proteins by nonionic polymer, we can draw on work done in 
the field of colloidal science. Described is the development of a 
theory grounded in statistical mechanics to model the phenome- 
non of protein precipitation. The theory is the same as that used 
by Gast et al. to model colloidal flocculation. For clarity, it is 
rederived. 

Eflective protein-protein interaction 
A statistical-mechanical treatment of protein precipitation 

begins with a model for the interaction between molecules. Since 
we are treating the protein-polymer-solvent system as a pseudo- 
one-compartment system, we require a model for the effective 
interaction (or the potential of mean force) between protein 
molecules in the presence of polymer and solvent molecules. 
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First, we make the assumption that the effective protein- 
protein interaction potential is associated primarily with volume- 
exclusion effects and we ignore electrostatic effects. To calculate 
the effective interaction we model the protein molecules as hard 
spheres of diameter d2 and the polymer molecules as spheres of 
diameter d ,  that cannot penetrate protein molecules but can 
penetrate each other. The solvent (species 1) is modeled as a 
continuous medium. Thus, surrounding each protein molecule is 
a shell of thickness d 3 / 2  which excludes all polymer molecules. 
Two protein molecules approaching closer than 2 d,, = (d2  + d , )  
completely exclude polymer molecules from the region of 
overlap between their excluded shells. In the absence of the 
polymer, or when protein molecules are far enough apart, no 
attractive forces are felt among the protein molecules. However, 
when they are so close together that polymer cannot enter the 
void between the protein molecules, an unbalanced osmotic 
force due to the surrounding polymer and solvent molecules is 
created, tending to push the protein molecules together. This is 
called the volume-exclusion attraction, as illustrated in Figure 3. 

The potential resulting from this attraction can be derived 
from geometric (projected area) considerations as was originally 
done by Asakura and Oosawa (1958) and later by deHek and 
Vrij (1981). It is also possible to derive the same potential from 
fundamental statistical mechanical roots as a potential of mean 
force between particles in a background fluid (Dickman, 1988). 
The resulting pair potential is: 

r < dz Irn7 
(1) U ( r ) =  1 - - r d 3  23 n 3 kT [ 1 --+- 43d:, I:;;,]. d 2 5 r 5 2 d 2 3  

Excluded shell of thickness d3/2 around protein molecule. 

Unbalanced osmotic force created when excluded shells overlap. 

Figure 3. Volumsexclusion attraction between proteln 
molecules due to the presence of the polymer. 
Open circles are protein molecules, and filled circles arc polymer 
molecules. 
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where r is the center-to-center separation, n3 is the number 
density of polymer molecules in the polymer solution (discussed 
later), k is Boltzmann's constant, and T is the absolute tempera- 
ture. Note that this equation assumes ideal conditions for the 
polymer consistent with our model. It is possible to treat 
nonidealities in the polymer-solvent interaction with, for in- 
stance, the inclusion of a second virial term in the expansion for 
the osmotic pressure (See Gast et al., 1983). However, this 
procedure involves an empiricism in the calculation of the 
second virial coefficient which we are anxious to avoid at  this 
stage of the model development. Equation 1 describes the 
induced attraction between proteins due to volume exclusion of 
polymers by proteins. The depth of the attractive well increases 
with the diameter ratio of protein to polymer ( d 2 / d 3 ) .  The range 
of the protential, however, decreases as the diameter ratio is 
increased. Although this simple form for the interaction poten- 
tial is somewhat unrealistic, it contains the essential physics of 
the problem. Also, it is easy to add contributions to the overall 
potential from other forces (e.g., electrostatic interactions), as 
deemed necessary by comparison with experimental data. 

Perturbation theory 
Perturbation theory is a method, based in statistical mechan- 

ics, for predicting the thermodynamic properties of a system. In 
this method, the pairwise interaction potential is decomposed 
into a reference potential and a perturbing potential. The 
reference potential describes a system with well-known thermo- 
dynamic properties; it is usually taken to be the hard-sphere 
potential uh8(r) .  The perturbing potential up(r) ,  is usually an 
attractive potential. The total pairwise interaction potential is 
the sum 

where A, the perturbing parameter, may be used to vary the 
strength of the perturbation. 

In perturbation theory, the logarithm of the configurational 
integral is expanded in a Taylor series about X = 0. Perturbation 
theories differ in the type of expansions done about the perturb- 
ing parameter. Also, the order to which the expansions are 
carried out may vary, resulting in zero-, first- and second-order 
theories. Perturbation theory expansions are valid and remain 
numerically accurate as long as the O(A2) term is smaller than 
the @(A) term, independent of the magnitude of A itself. Gast et 
al. employed the perturbation expansion due to Barker and 
Henderson (1967). (In this case, since the volume-exclusion 
potential has a hard-core region, the effective hard-sphere 
diameter d,  as defined by Barker and Henderson to annul two 
terms in their Taylor series, is not a function of temperature.) 

The Helmholtz free energy, A ,  can be calculated directly 
from the perturbation expansion. The second-order perturbation 
expansion for the Helmholtz free energy as presented by Barker 
and Henderson. is 

_ -  "'(ap) - k T / [ @ ] 2 g h s ( r ) 4 r r 2 d r  + 0 (A3) (3) 
'P hs 

where p is the density of protein molecules, p is the pressure, and 
g,, and A,, are the radial distribution function and the Helm- 
holtz free energy of the hard-sphere reference state. In Eq. 3 we 
have used the macroscopic compressibility approximation to 
evaluate the second-order term. 

Phase transition prediction requires knowledge of the Gibbs 
free energy, G ,  and the pressure, p ,  of the system of interest. 
These quantities can be calculated from the Helmholtz free 
energy as follows: 

(4) 

These thermodynamic properties can be calculated using a 
perturbation expansion provided there is an accurate expression 
for the requisite property of the reference system in the chosen 
state (phase). Very good approximations are available for the 
pressure, the Helmholtz and Gibbs free energies, and also for 
the radial distribution function of the hard-sphere system for 
both the fluid and solid phases. These equations are described 
below. 

Equations of State for the Hard-Sphere Reference Systems. 
The free energies and the pressure for the hard-sphere reference 
system can be calculated from an equation of state expressing 
the compressibility factor, Zhs, in terms of the volume fraction of 
the molecules. For the fluid phase, the Carnahan-Starling 
equation is used (Carnahan and Starling, 1970): 

where = p d;.lr/6 is the volume fraction of the protein. For 
the solid phase, an equation of state developed by Hall (1971) as 
a Pad6 approximant to Monte Carlo data is used. The expression 
for Z,, is in terms of /3 where p = 4(1 - +z/40), and +o is the 
volume fraction at  close packing. [& = (7r/6) f i  for a face- 
centered cubic lattice.] 

z h s  = 2.557696 + 0.12530770 0.1762393p2 

- 1.053308p3 + 2.818621B4 - 2.921934p' 

+ 1.118413B6 + [ ( I2  - 3p)/pI (7) 

Radial Distribution Function for the Hard-Sphere Reference 
System. The radial distribution function for pairs of molecules is 
defined by: 

It is extremely difficult to calculate this quantity exactly even for 
hard spheres. There are, consequently, several approximate 
integral equations developed for the radial distribution functions 
of fluids. For the fluid phase, we use the explicit analytical 
solution to the Percus-Yevick equation developed by Smith and 
Henderson (1970) for the hard sphere g ( r )  along with the 
Verlet-Weis correction (1972). For the solid-phase radial distri- 
bution function, we use the analytical approximation derived by 
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Kincaid and Weis (1977). Their expression is: 

The expressions for the calculation of the r;s and the parame- 
ters, A, +, W. W, ,  and W,, are given in the publication by 
Kincaid and Weis (1977). Note that the series is terminated at  
i = 5 as suggested by Kincaid and Weis. Equation 9 is valid for 
a wide range of reduced densities ranging from 0.50 to arbi- 
trarily near the close-packed value of 0.74. 

Phase diagram generation 
The Helmholtz and Gibbs free energies and the pressure of 

the system are calculated for different volume fractions of 
polymer added, for both the fluid and the solid phases by 
substituting the reference system properties described above 
into Eqs. 3-5. The integration in Eq. 3 is done numerically using 
Simpson’s rule. To determine the phases in equilibrium at  a 
particular polymer concentration, the Gibbs free energy is 
plotted vs. the pressure in both the fluid and solid regimes as 
shown in Figure 4. The protein volume fraction varies continu- 
ously along both the fluid and solid curves. The transition from 
fluid to the solid phase occurs a t  the intersection of the two 
curves as shown in this figure. Also, from the coexistence 
pressure and/or the coexistence Gibbs free energy, the volume 
fraction of the protein can be found. The average CPU time 
required to obtain the Gibbs free energy-pressure curve on a 
Mico VAX I1 computer in the fluid phase (20 protein volume 
fractions) is 275 seconds. In the solid phase, it takes 150 seconds 
for 45 protein volume fractions. 

Repetition of these calculations for different polymer concen- 
trations (volume fractions) leads to the generation of the phase 
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Figure 4. Thermodynamic stability analysis to determine 
the coexistence conditions. 
p” is the close-packed density. 

diagram which indicates the onset of the phase transition as a 
function of protein and polymer volume fractions. The parame- 
ters that can be varied are the protein and polymer diameters (or 
molecular weights), the volume fraction of polymer added 
(concentration), and the volume fraction of the protein in the 
fluid phase. Calculation of the Gibbs free energy and the 
pressure of the system using Eqs. 4 and 5 is done numerically, 
and a phase plot is thus generated. 

Results of the Model 
Phase diagrams 

The results are presented in the form of phase diagrams 
(Figure 5) which show the variation of the volume fraction of 
the protein, d2, in the coexisting phases, as a function of the 
volume fraction of added polymer, d3.  The volume fraction of 
the protein is, by definition, the ratio of the volume occupied by 
the protein molecules to total volume of the system: d2 = 
(N2rd;)/(yo,6). The volume fraction of the added polymer &, 
however, is the ratio of volume occupied by the polymer 
molecules to the volume available for the polymer molecules to 
occupy, where the volume available to the polymer molecules is 
the total volume less that taken up by the proteins: d3 = 
(7rn3d:)/6. Figure 5 is drawn for different protein-to-polymer 
diameter ratios ranging from 2.69 to 10.0 for comparison with 
experimental data (see Table 1). The fluid, solid and the 
two-phase regions are shown. Data for the molecular diameters 
of the proteins and PEG-4000 were obtained from Atha and 
Ingham (1981), who calculated the radii of the equivalent 
hydrodynamic spheres for the proteins from measurements of 
the diffusion coefficient D, using rpro, = kT/6rqD where 1 is the 
viscosity of the medium. The radius of the equivalent sphere for 
the polymer was calculated therein using rwly = (3.107[q] 
M2)/(47rNA0v) where v is Simha’s factor (2.5 for suspended 
spheres), and the intrinsic viscosity [q] was calculated using 
[7] = KM,”. [See Atha and Ingham (1981) for the molecular 
weight dependence and values of a and K.] 
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Figure 5. Phase diagram indicating compositions for vari- 
ous diameter ratios of protein to polymer. 
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Table 1. Diameter Ratios 

Species Diameter (em) System 414 
Aldolase (ALD) 
y-Globulin (IgG) 
Albumin (human serum) 
Albumin (human serum) 
Thyroglobulin (THY) 
Albumin (human serum) 
Fibrinogen (FIB) 
PEG-4000 
PEG- 1000 
PEG-600 
PEG-400 

9.26 x 

1.04 x 
11.18 10-7 

7.04 lo-’ 
17.22 10-7 
7.04 x 
21.4 lo-’ 
3.44 10-7 
1.88 10-7 

1.2 x lo-’ 
1.44 x lo-’ 

ALD & PEG-4000 
IgG & PEG-4000 
HSA & PEG-1000 
HSA & PEG-600 
THY & PEG-4000 
HSA & PEG-400 
FIB & PEG-4000 

- 

- 
- 
- 

2.69 
3.25 
3.75 
4.88 
5.0 
5.86 
6.22 
- 

- 
- 
- 

To compare the theoretical predictions with experiment, it is 
necessary to plot the solubility of the protein in g/L vs. % PEG 
added (wt./vol.), where % PEG is defined as the grams of 
polymer added per 100 mL of the solution. The protein solubility 
and the concentration of PEG in % PEG units can be obtained 
from the volume fractions in a fairly straightforward manner. 
As defined earlier, d2 = (N,?rd;)/( V,,,6) and 4, = (7rn3d:)/6 = 
(N37rdi)/ [6V,,, - 6N2(7rd:/6)]. The number densities of the 
protein and polymer, p2 and p3, respectively, are thus given by 
p2 = 64,/7rd: and p3 = n,(l - 42). Conversion of the number 
densities to mass units using molecular weights and Avogadro’s 
number is all that is required to extract the conventional 
experimentally determined quantities, namely the solubility in 
g/L and % PEG in g/100 mL. Expressions for the Solubility and 
% PEG are thus given by: 

where 42 in Eq. 10 is the volume fraction of the protein in the 
liquid phase (at equilibrium with the solid or precipitate phase), 
and NAv is the Avogadro number of molecules (used for 
conversion from molar to mass units). 

Note that the above expressions for the solubility and % PEG 
contain a dependency on the molecular weights and the radii of 
the equivalent sphere of the protein and polymer. It is possible, 
however, to rewrite these expressions in terms of different 
macromolecular parameters that may be more accessible quan- 
tities from an experimental viewpoint. The volume of a hydrated 
sphere is given by Cantor and Schimmel(l980): 

where v2 is the partial specific volume of the solute, is the 
inverse specific density of water (solvent), and 6, is the hydration 
of the protein measured in g H 2 0 / g  protein. Substitution of Eq. 
12 into Eq. 10 results in an expression that depends only on the 
thermodynamic parameters defined above 

An advantage of using this formalism over that of directly 
incorporating the radii is that there are predetermined ranges 
for the partial specific volumes and the hydration for globular 
proteins. Virtually all proteins have v2 values between 0.69 and 
0.75 cm3/g so long as they do not have extensive material other 
than amino acids in their composition (Cantor and Schimmel, 
1980). Also, hydration values between 0.3 and 0.4 g H 2 0 / g  
protein are typical for globular proteins. It becomes a simple 
matter to generate solubility curves using typical values for 
these thermodynamic parameters once the diameter ratio of 
protein to polymer is known. 

Comparison with experiment 
Atha and Ingham investigated the precipitation of various 

proteins with added PEG. They used PEG of different molecular 
weights along with proteins of different sizes to determine the 
effect of size on solubility. Some of their results are summarized 
in Figures 1 and 2. Figure 1 shows the experimental solubility 
curves for different proteins upon the addition of PEG of 
molecular weight 4,000. Figure 2 illustrates the effect of PEG 
molecular weight on the solubility of one protein, human serum 
albumin (HSA). 

Figures 6, 7 and 8 are the theoretical predictions for the 
systems described above, obtained using Eqs. 10 and 11 and the 
data in Table 1. In Figure 6, solubility curves are predicted for 
four proteins (Fibrinogen, Thyroglobulin, y-globulin, and Aldo- 
lase). We note immediately that the linearity of the solubility 
curve does not extend to all PEG concentrations. This suggests 
that extrapolation of the linear part of the curve to zero PEG 
concentrations may not give a physically realistic “intrinsic” 
solubility. A comparison of Figures 1 and 6 shows reasonable 
qualitative agreement. The theoretical curves are in the same 
range as the experimental data. We note, however, that while 
our predictions strictly follow the general trend that larger 
proteins precipitate easier than smaller ones, (dFib > d,& > 
d ,  > dAld) Thyroglobulin and Aldolase are reversed in the 
experimental data. One possible explanation is that the experi- 
ments were conducted at  a pH of 7.0, which is closer to the 
isoelectric point of Aldolase than Thyroglobulin. (Recall that all 
proteins exhibit a minimum solubility a t  the isoelectric point.) 
The lack of quantitative agreement may also be due to the fact 
that the proteins, which were compared with our results, are far 
from globular, while the model is strictly valid only for spherical 
(more loosely, globular) proteins. 

Figure 7 is a plot of the solubility of HSA for different 
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four proteins with PEG-4000. 
Figure 6. Theoretical predictions of the solubilities of 

molecular weights of PEG. A comparison of Figures 2 and 7 
reveals reasonable qualitative agreement, while there is only fair 
agreement on a quantitative basis. The observed experimental 
trend of increasing solubility with decreasing molecular weight 
of PEG is correctly predicted by the theory. Hence, the first 
three experimental trends observed in such systems and de- 
scribed earlier have been reproduced by the theory. At this point 
it is important to comment on the range of validity of the 
perturbation-theory approach. 

As noted earlier, the volume-exclusion potential increases in 
depth while decreasing in range as the diameter ratio of protein 
to polymer is increased. The perturbation expansion used breaks 
down (fails to converge) for diameter ratios greater than 10 or 

3r 
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Figure 7. Theoretical predictions of the variation of the 
solubility of a single protein with molecular 
weight of PEG. 
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less than 2.5. For the small diameter ratios, the potential 
becomes long-ranged, and the truncation of the perturbation at 
the second-order term is no longer adequate. For larger diame- 
ter ratios, the attractive well gets deeper, resembling the 
so-called “sticky sphere” state. (In both cases, the hard-sphere 
model is no longer adequate as a reference state and the 
perturbation terms increase in magnitude.) We therefore re- 
strict ourselves to diameter ratios within this range. For this 
reason, in Figure 7 where the protein diameter is fixed (HSA) 
we are restricted to an upper limit of the PEG molecular weight 
of about 1,000. 

We have performed calculations for diameter ratios other 
than those shown in Figure 7. Figure 8 illustrates the effect of 
polymer molecular weight on the solubility of thyroglobulin. 
(Only the linear portion of the curve is drawn.) The trend of 
increasing solubility with decreasing molecular weight of poly- 
mer is maintained. Note that, since thyroglobulin is a larger 
protein, we can predict solubility curves for higher molecular 
weights of PEG, while still confining oursevles to the range of 
diameter ratios described above. Recall that, other theories 
developed to explain the precipitation phenomenon have been 
unable to explain all of the experimental trends. For instance, 
Atha and Ingham (1981) predicted the opposite trend of the 
solubility with polymer molecular weight to that observed. They 
plotted the slopes of the solubility curves as a function of PEG 
molecular weight and found the behavior to be the opposite of 
the experimental observations. 

In view of the fact that no adjustable parameters are included 
in the model, the qualitative agreement produced seems to 
suggest that our choice of the intermolecular potential is 
reasonable. Although the underlying mechanism behind PEG- 
induced precipitation, namely volume-exclusion, has been in- 
cluded and accounted for in the theory, there are other factors 
that play a role in determining the final composition. The model, 
as it stands, cannot predict solubility variations with pH or ionic 
strength. The parameters that warrant inclusion are mainly 

I 

0 10 20 30 40 50 60 70 

% PEG (w/v) 

Figure 8. Theoretical predictions of the variation of the 
solubility of thyroglobulin with molecular weight 
of PEG. 
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electrostatic terms as evidenced by a dependence of the solubil- 
ity curve on the pH as shown in Figure 9 (obtained from Atha 
and Ingham, 1981). Hence, it seems likely that an inclusion of 
electrostatic effects into the model should provide a more 
reliable predictive ability to the theory. This refinement to the 
intermolecular potential and the effect it has on the solubility 
curve is discussed in the next section. 

Inclusion of Electrostatic Interactions 
To explain the experimentally observed variations in the 

solubility with pH and ionic strength, forces other than those 
arising from volume-exclusion effects need to be included in the 
model. Here, we add an electrostatic interaction term to the 
intermolecular potential. 

Intermolecular potential 
The functional form for this potential depends on the size of 

the electrical double layer relative to the particle size (Verwey 
and Overbeek, 1948). For thin double layers, we use the 
interaction potential developed by Derjaguin (Derjaguin, 1934; 
Verwey and Overbeek, 1948) for charged spheres a t  infinite 
dilution in a dielectric medium. 

where r is the distance between centers of spheres, t is the 
dielectric constant of the solvent (fixed at 80), J.,, is the surface 
potential, K is the inverse Debye length, and d is the sphere 
diameter. This form for the potential is valid for small Debye 
lengths relative to the particle radius ( d ~  > 20),  with K defined 

1.2 

pH 7.0 

0.8 

ZnCl2 
I I I  I I I I  

0 10 20 30 40 

% PEG-4000 (w/v) 
Figure 9. Variation of the solubility of proteins with pH. 

From D. H. Atha and K. C. Ingham, J .  Bio. Chem.. 256, 12108 
(1981). See reference for details of solution conditions. 

as follows 

where e is the charge of an electron and Z the ionic strength of 
the solution. We set T to 298 K in all our calculations. If dK is 
small (dK < 5 ) ,  the above form for the interaction potential is 
invalid, and we use the following expression from Verwey and 
Overbeek for the potential energy of interaction between two 
spherical double layers. 

e d2$; exp [ -K(r - d ) ]  
uR(r)  = - P (16) 4 r 

in which 

The parameters (Y in Eq. 17 is in turn calculated from 

where A ,  and A, are obtained by solving the following two 
equations simultaneously. 

4 9 9 +x,  1 + - + -  [ rdK (rdK)' + m]} 

4 9 9 + x ,  1 + - + -  [ rdK (rdK), + -1 
54 

Hence, depending on the value of dK, either Eq. 14 or 16 can 
be used to calculate the electrostatic repulsion. An analysis of 
the variation of both forms of the potential with distance and dK 
helps decide where the crossover from Eq. 14 to 16 should occur 
(see figure in Verwey and Overbeek, 1948). We use Eq. 16 for 
values of dK lower than 5.0 and Eq. 14 for dK > 20.0. In the 
intermediate region, the equation yielding the lower value for 
the repulsion is used, as both Eqs. 14 and 16 are known to 
overpredict the repulsive potential. This potential is added on to 
the volume-exclusion potential of Eq. 1. We note that Gast et al. 
have also considered electrostatic interactions in their paper. 
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However, they used only the infinite dilution potential (flat 
surface approximation, valid for large dK's) to represent the 
repulsion since this is appropriate to the colloid-polymer prob- 
lem. Their final potential after addition of electrostatic terms 
exhibits a steep repulsion due to the high value of the prefactor 

The model developed previously can now account for pH and 
ionic strength variations as described subsequently. The electro- 
static interaction is a function of the Debye length K and the 
surface potential $,,. It remains to relate these quantities to the 
pH and the ionic strength. The ionic strength enters the 
intermolecular potential directly via the Debye length, with K 

3.28 x 107(I)0.5 cm-'. Variations in the pH are accounted for in 
a more indirect way. From the Guoy-Chapman treatment of the 
double layer, where the limitations of the Debye-Huckel theory 
are removed (Hiemenz, 1977), one can relate the surface 
potential $o to the surface charge density u as, 

( 4 3 / 4 .  

2kT 
re 

The variation of u with pH is obtained from experimentally 
measured titration curves which plot the variation of the charges 
dissociated per molecule of a protein vs. pH. From a plot of this 
nature (Tanford et al., 1955), which gives the total number of 
surface charges at a fixed pH, we calculate the surface charge 
density for our spherical molecule and obtain the surface 
potential from Eq. 20. Hence, by altering q0 in the intermolecu- 
lar potential, we can model pH variation in experimental 
systems. 

The variations of the attractive (excluded volume), repulsive 
(electrostatic) and the total potential with distance for four 

1 

0 

-1 

-2 

-3 

.A 

I = 0.20 
Repulsion 'X . Repulsion 

Attraction 

I I I I I 

cases of interest in this study are shown in Figures 10a and lob. 
Figure 10a is for a diameter ratio of d , / d ,  = 2.7, qj3 = 0.40 and 
charges dissociated per protein of ten. The only parameter 
varied is the ionic strength ( I  = 0.20,0.30). Figure 10b is 
drawn for a different diameter ratio (5.86); but is identical to 
Figure 10a in all other respects. A comparison of Figures 10a 
and 10b with the purely attractive volume-exclusion potential 
reveals that the addition of the electrostatic interaction term 
does not drastically alter the characteristics of the original 
intermolecular potential. This is important because it is the 
volume-exclusion mechanism that is responsible primarily for 
the phase transition and any refinements made should not 
completely change the overall character of the potential. 

It is worthwhile to examine the behavior of the overall 
potential for various values of the parameters. From Figures 10a 
and 10b we note that, obviously, the attractive portion of the 
curve is unaffected by ionic strength, while the repulsion (and 
therefore the overall potential) is diminished in range by an 
increase in ionic strength. The magnitude of the repulsion 
depends essentially on the surface potential $,,. In cases of 
interest in these studies, the volume-exclusion attraction is 
dominant at small separations, but the range of the overall 
potential is greater than that of the pure attraction. The 
potential has the characteristics of a mermaid potential (attrac- 
tive head and a repulsive tail) as can be seen in the figures. As 
mentioned earlier, this contrasts with the Gast et al. (1983) 
potential, which exhibits a steep repulsion at short separations. 

Since the overall potential does not show a steep repulsion at 
short separations we can use the same type of perturbation 
theory discussed earlier. It must be ensured, however, that the 
perturbation expansion is still valid for the new potential. This is 
done as before by checking that the second-order term in 

-1.0 1.1 1.2 1.3 1.4 1.5 1.6 

Reduced Distance (rld,) 

'I 
,, I = 0.20 

-4 I I I I I 

Reduced Distance (r/d2) 

Figure 10. Variation of the reduced potential with reduced distance. 
(a) dJd,  = 2.1 
(b) d , / d ,  = 5.86 
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the expansion remains much smaller in magnitude than the 
first-order correction. 

Solubility Calculations 
The overall potential (the sum of Eq. 1 and Eq. 14 or 16) is 

used to calculate the Helmholtz free energy via Eq. 3. The Gibbs 
free energy and the pressure are calculated as before from Eqs. 4 
and 5. The solubility calculations are performed for representa- 
tive values of bovine serum albumin to polymer (BSA-PEG) 
diameter ratios, and for various pH values obtained from 
Tanford et al. (1955). Ionic strength values ranging from 0.05 to 
0.30 are chosen consistent with typical experimental systems. 
Since the following discussion uses the titration data from 
Tanford et al. as a basis for the pH values, the solubility curves 
obtained are valid only for BSA-PEG mixtures of differing 
molecular weights. Solubility plots illustrating the variation of 
protein solubility with %PEG are obtained as described previ- 
ously. Next, we offer a systematic analysis of the variation 
effects in each parameter on the solubility of the protein when all 
other parameters are held fixed. 

First, the dependence of the solubility on the ionic strength is 
investigated. In Figure 11, the diameter ratio and the pH are 
held constant a t  2.7 and 4.2, respectively, and four ionic strength 
values are considered. [This pH value is also equivalent to a pH 
of 8.8 (Tanford et al., 1955).] As the ionic strength of the 
solution is increased for the same protein-polymer pair a t  
constant pH, the solubility decreases. This is an expected result; 
as ionic strength is increased, the electrostatic repulsions are 
screened out and the protein behaves increasingly like an 
uncharged molecule. A closer examination of this plot shows 
that with increasing ionic strength the solubility curves ap- 
proach the results explained previously. This is the pure volume- 
exclusion result (no electrostatic interaction) and is shown as the 
dashed line. We have also performed calculations for different 

BSA 
1 

I I I I 1 I 
0 10 20 30 40 50 60 

% PEG (w/v) 
Figure 11. Theoretical predictions of the solubility varia- 

tion of BSA with ionic strength at a fixed pH 
and PEG molecular weight. 
d , / d ,  = 2.7. pH = 4.2 

values of the pH and the diameter ratio and the same trend is 
observed. 

Second, we examine the effect of pH variation on the 
solubility a t  constant ionic strength and diameter ratio, as shown 
in Figure 12. In this figure three pH values are investigated (7.1, 
8.8, and 10.7) a t  a fixed ionic strength of 0.10 and a diameter 
ratio of 5.86. As we move away from the isoelectric point (5.5 for 
BSA), more PEG needs to be added to precipitate the protein. 
This is exactly what is expected; all proteins exhibit the 
minimum solubility a t  the isoelectric point. Solubility curves 
studying the pH effects have also been generated for different 
values of the ionic strength and diameter ratio. In these cases 
too, an identical trend is observed. 

Finally, we can study the effect of the diameter ratio on the 
solubility. We have already studied this effect but it is worth- 
while to confirm that the predictions made earlier in this regard 
remain valid even after addition of the electrostatic interaction. 
Figure 13 shows the variation in the solubility of the protein with 
the diameter ratio a t  constant pH and ionic strength. Three 
different diameter ratios (2.7, 3.75, and 5.86) are considered. 
The prediction of a reduction in solubility with decreasing 
diameter ratio of protein-to-polymer remains unchanged. 

To obtain solubilities of proteins using this method, one needs 
only a titration curve relating the surface charge to the pH, and 
an estimate of the diameter ratio between protein and polymer. 
If the size of the protein is unknown, alternate expressions for 
the solubility in terms of its partial specific volume and hydra- 
tion can be used. It is also possible to use a knowledge of the 
three-dimensional structure of the protein to calculate the 
surface charge density (and hence I&) as a function of pH, if 
titration curves are not available for the protein of interest. 

Atha and Ingham (1981) have measured the pH dependence 
of the solubility of HSA in PEG 4000. However, the diameter 
ratio for this protein-polymer set is below the range of validity of 

BSA 
3 1  
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% PEG (w/v) 
Figure 12. Theoretical predictions of the solubility varia- 

tion of BSA with pH at a fixed ionic strength 
and PEG Molecular weight. 
d , / d ,  = 5.86, I = 0.10 
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Figure 13. Theoretical predictions of the solubility varla- 
tion of BSA with PEG’ rnobcuiar weight at a 
fixed pH and ionic strength. 

the perturbation expansion. We are not aware of any other 
systematic experiments that have been performed to measure 
the effect of pH and ionic strength on the precipitation of 
proteins by nonionic polymer. Hence we are unable to make a 
quantitative comparison of these theoretical predictions of the 
variation in the solubility of proteins with electrostatic parame- 
ters with experimental results. We have used BSA as our sample 
protein because titration data relating the pH to u were readily 
available. However, the conclusions made in regard to the 
solubility variations are applicable to all proteins. 

Conclusion 
A fairly simple fundamental theory has been outlined that can 

be used to predict protein solubilities in polymer solutions. The 
theory has been shown to correctly predict the trends in the 
variation of the solubility with all process parameters. Various 
approximations were made in the model including: the expres- 
sions for the intermolecular potentials, the assumption of 
pairwise additivity in the statistical mechanical analysis, and the 
inherent approximations of the Barker-Henderson perturbation 
expansion. We would like to reiterate that the model is, as yet, 
only qualitative and is not yet a tool to be used to obtain numbers 
for the solubility. 
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Notation 
A = Helmholtz free energy 
D = diffusion coefficient 

d = diameter of a molecule 
e = charge of an electron 
G = Gibbs free energy 

g(r )  = radial distribution function 
I = ionic strength of solution 
k = Boltzmann’s constant 

M = molecular weight 
N = number of molecules in system 

NAv = Avogadro’s number of molecules 
n3 = number density of polymer molecules based on available 

p = pressure 
r = intermolecular distance 
S = solubility of protein 
T = absolute temperature 

volume 

U ( 2  = intermolecular pair potential 
- Vl = inverse specific density of solvent 
V, = partial specific volume of protein 
V,o, = total volume of system 
Z = thermodynamic compressibility 

Greek letters 
6, = hydration of protein 

c = dielectric constant of solvent 
K = inverse Debye length 
X = perturbing parameter 
7 = viscosity 

4% = close-packedvolumefraction, (r/6) f i  = 0.74 
@ = volume fraction of molecules 
p = number density 

#o = surface potential of protein 

Subscripts 
1 = solvent 
2 = protein 
3 = polymer 

hs = hard sphere 

Proteins and polymer 
BSA = bovine serum albumin 
HSA = human serum albumin 
THY = thyroglobulin 

IgG = y-globin 
ALD = aldolase 

FIB = fibrinogen 
PEG = polyethylene glycol 
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